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Abstract
A subgroup H of a finite group G is said to satisfy Π-property in G if for every
chief factor L/K of G, |G/K : NG/K(HK/K ∩ L/K)| is a pi(HK/K ∩ L/K)-number.
A subgroup H of G is called to be Π-supplemented in G if there exists a subgroup T of
G such that G = HT and H ∩ T ≤ I ≤ H, where I satisfies Π-property in G. In this
paper, we investigate the structure of a finite group G under the assumption that some
primary subgroups of G are Π-supplemented in G. The main result we proved improves
a large number of earlier results.
1 Introduction
Throughout this paper, all groups mentioned are finite, G always denotes a finite group and p
denotes a prime. Let pi denote a set of some primes, pi(G) denote the set of all prime divisors
of |G|, and |G|p denote the order of the Sylow p-subgroups of G. An integer n is called a
pi-number if all prime divisors of n belong to pi. For a subgroup H of G, let HG denote the
normal closure of H in G, that is, HG = 〈Hg | g ∈ G〉.
Recall that a class of groups F is called a formation if F is closed under taking homo-
morphic images and subdirect products. A formation F is said to be saturated (resp. solubly
saturated) if G ∈ F whenever G/Φ(G) ∈ F (resp. G/Φ(N) ∈ F for a soluble normal subgroup
N of G). A chief factor L/K of G is said to be F -central in G if (L/K)⋊ (G/CG(L/K)) ∈ F .
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A normal subgroup N of G is called to be F -hypercentral in G if every chief factor of G below
N is F -central in G. Let ZF(G) denote the F -hypercentre of G, that is, the product of all
F -hypercentral normal subgroups of G. We use U (resp. Up) to denote the class of finite
supersoluble (resp. p-supersoluble) groups and Gpi to denote the class of all finite pi-groups.
Recall that G is said to be quasinilpotent if for every chief factor L/K of G and every
element x ∈ G, x induces an inner automorphism on L/K. The generalized Fitting subgroup
F ∗(G) of G is the quasinilpotent radical of G (for details, see [21, Chapter X]). All notations
and terminology not mentioned above are standard, as in [9, 14, 20].
In [23], Li introduced the concepts of Π-property and Π-supplemented subgroup as follows:
Definition 1.1. [23] A subgroup H of G is said to satisfy Π-property in G if for every chief
factor L/K of G, |G/K : NG/K(HK/K ∩ L/K)| is a pi(HK/K ∩ L/K)-number.
A subgroup H of G is called to be Π-supplemented in G if there exists a subgroup T of G
such that G = HT and H ∩ T ≤ I ≤ H , where I satisfies Π-property in G.
As we showed in Section 4 below, the concept of Π-supplemented subgroup generalizes
many known embedding properties. However, besides [24], this concept has not been deeply
investigated. In this paper, we will continue to study the properties of Π-supplemented sub-
groups, and arrive at the following main result.
Theorem A. Let F be a solubly saturated formation containing U and E a normal subgroup
of G with G/E ∈ F . Let X E G such that F ∗(E) ≤ X ≤ E. For every prime p ∈ pi(X)
and every non-cyclic Sylow p-subgroup P of X, suppose that P has a subgroup D such that
1 ≤ |D| < |P | and every proper subgroup H of P with |H| = pn|D| (n = 0, 1) either is Π-
supplemented in G or has a p-supersoluble supplement in G. If P is not quaternion-free and
|D| = 1, suppose further that every cyclic subgroup of P of order 4 either is Π-supplemented
in G or has a 2-supersoluble supplement in G. Then G ∈ F .
Recall that a subgroup H of G is said to be c-supplemented [5] in G if there exists a
subgroup T of G such that G = HT and H ∩ T ≤ HG, where HG denotes the largest normal
subgroup of G contained in H . It is easy to find that all c-supplemented subgroups of G are
Π-supplemented in G, and the converse does not hold. For example, let G = 〈a, b | a5 = b4 =
1, b−1ab = a2〉 and H = 〈b2〉. Then H is Π-supplemented, but not c-supplemented in G. In [2],
M. Asaad proved the following excellent theorem.
Theorem 1.2. [2, Theorems 1.5 and 1.6] Let F be a saturated formation containing U and
E a normal subgroup of G with G/E ∈ F . Let X E G such that X = E or X = F ∗(E).
For any Sylow subgroup P of X, let D be a subgroup of P such that 1 ≤ |D| < |P |. Suppose
that every subgroup H of P with |H| = pn|D| (n = 0, 1) is c-supplemented in G. If P is a
non-abelian 2-group and |D| = 1, suppose further that every cyclic subgroup of P of order 4
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is c-supplemented in G. Then G ∈ F .
One can see that Theorem A can be viewed as a large improvement of M. Asaad’s result.
The following theorems are the main stages of the proof of Theorem A.
Theorem B. Let P be a normal p-subgroup of G. Suppose that P has a subgroup D such
that 1 ≤ |D| < |P | and every proper subgroup H of P with |H| = pn|D| (n = 0, 1) either is
Π-supplemented in G or has a p-supersoluble supplement in G. If P is not quaternion-free and
|D| = 1, suppose further that every cyclic subgroup of P of order 4 either is Π-supplemented
in G or has a 2-supersoluble supplement in G. Then P ≤ ZU(G).
Theorem C. Let E be a normal subgroup of G and P a Sylow p-subgroup of E with (|E|, p−
1) = 1. Suppose that P has a subgroup D such that 1 ≤ |D| < |P | and every proper subgroup
H of P with |H| = pn|D| (n = 0, 1) either is Π-supplemented in G or has a p-supersoluble
supplement in G. If P is not quaternion-free and |D| = 1, suppose further that every cyclic
subgroup of P of order 4 either is Π-supplemented in G or has a 2-supersoluble supplement in
G. Then E is p-nilpotent.
Finally, the following corollaries can be deduced immediately from Theorem A.
Corollary 1.3. Let F be a solubly saturated formation containing U and E a normal subgroup
of G with G/E ∈ F . Let X E G such that F ∗(E) ≤ X ≤ E. For every prime p ∈ pi(X) and
every non-cyclic Sylow p-subgroup P of X, suppose that every maximal subgroup of P either
is Π-supplemented in G or has a p-supersoluble supplement in G. Then G ∈ F .
Corollary 1.4. Let F be a solubly saturated formation containing U and E a normal subgroup
of G with G/E ∈ F . Let X E G such that F ∗(E) ≤ X ≤ E. For every prime p ∈ pi(X)
and every non-cyclic Sylow p-subgroup P of X, suppose that every cyclic subgroup of P of
prime order or order 4 (when P is not quaternion-free) either is Π-supplemented in G or has
a p-supersoluble supplement in G. Then G ∈ F .
2 Basic Properties
Lemma 2.1. [23, Proposition 2.1] Let H ≤ G and N EG.
(1) If H satisfies Π-property in G, then HN/N satisfies Π-property in G/N .
(2) If either N ≤ H or (|H|, |N |) = 1 and H is Π-supplemented in G, then HN/N is
Π-supplemented in G/N .
Lemma 2.2. Let H ≤ G, N E G such that N ≤ H and P be a Sylow p-subgroup of H.
Suppose that P has a subgroup D such that |N |p ≤ |D| < |P | and every subgroup of P of
order |D| either is Π-supplemented in G or has a p-supersoluble supplement in G. Then every
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subgroup of PN/N of order |D|/|N |p either is Π-supplemented in G/N or has a p-supersoluble
supplement in G/N .
Proof. Let X/N be a subgroup of PN/N of order |D|/|N |p. Then X = (P ∩ X)N , and so
X/N ∼= P ∩X/P ∩N . Hence |P ∩X| = |D|. By hypothesis, P ∩X either is Π-supplemented
in G or has a p-supersoluble supplement in G. Then P ∩ X has a supplement T in G such
that either T is p-supersoluble or P ∩X ∩ T ≤ I ≤ P ∩X , where I satisfies Π-property in G.
Obviously, G/N = (X/N)(TN/N). Since (|N : P ∩N |, |N : T ∩N |) = 1, N = (P ∩N)(T ∩N).
This deduces that X ∩ TN = (P ∩X)N ∩ TN = (P ∩X ∩ T )N . Therefore, either TN/N is
p-supersoluble or X/N ∩ TN/N = (P ∩X ∩ T )N/N ≤ IN/N ≤ X/N , where IN/N satisfies
Π-property in G/N by Lemma 2.1(1). Consequently, X/N either is Π-supplemented in G/N
or has a p-supersoluble supplement in G/N .
For any function f : P ∪ {0} −→ {formations of groups}. Following [27], let
CF (f) = {G is a group | G/CG(H/K) ∈ f(0) for each non-abelian chief factor
H/K of G and G/CG(H/K) ∈ f(p) for each abelian p-chief factor H/K of G}.
Lemma 2.3. [27] For any non-empty solubly saturated formation F , there exists a unique
function F : P ∪ {0} −→ {formations of groups} such that F = CF (F ), F (p) = GpF (p) ⊆ F
for all p ∈ P and F (0) = F .
The function F in Lemma 2.3 is called the canonical composition satellite of F .
Lemma 2.4. [18, Lemma 2.14] Let F be a saturated (resp. solubly saturated) formation and F
the canonical local (resp. the canonical composition) satellite of F (for the details of canonical
local satellite, see [9, Chapter IV, Definition 3.9]). Let E be a normal p-subgroup of G. Then
E ≤ ZF(G) if and only if G/CG(E) ∈ F (p).
Lemma 2.5. [12, Lemma 2.4] Let P be a p-group. If α is a p′-automorphism of P which
centralizes Ω1(P ), then α = 1 unless P is a non-abelian 2-group. If [α,Ω2(P )] = 1, then
α = 1 without restriction.
Lemma 2.6. [10, Lemma 2.15] If σ is an automorphism of odd order of the quaternion-free
2-group P and σ acts trivially on Ω1(P ), then σ = 1.
Lemma 2.7. [13, Chapter 5, Theorem 3.13] A p-group P possesses a characteristic subgroup
C (which is called a Thompson critical subgroup of P ) with the following properties:
(1) The nilpotent class of C is at most 2, and C/Z(C) is elementary abelian.
(2) [P,C] ≤ Z(C).
(3) CP (C) = Z(C).
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(4) Every nontrivial p′-automorphism of P induces a nontrivial automorphism of C.
If P is either an odd order p-group or a quaternion-free 2-group, then let Ω(P ) denote
the subgroup Ω1(P ), otherwise Ω(P ) denotes Ω2(P ). The following lemma is a generalization
of [6, Lemma 2.12], which is attributed to A. N. Skiba.
Lemma 2.8. Let F be a solubly saturated formation, P a normal p-subgroup of G and C a
Thompson critical subgroup of P . If either P/Φ(P ) ≤ ZF(G/Φ(P )) or Ω(C) ≤ ZF(G), then
P ≤ ZF(G).
Proof. Let F be the canonical composition satellite ofF . Suppose that P/Φ(P ) ≤ ZF(G/Φ(P )).
Then by Lemma 2.4, G/CG(P/Φ(P )) ∈ F (p). Note that by [13, Chapter 5, Theorem 1.4],
CG(P/Φ(P ))/CG(P ) is a p-group. This implies that G/CG(P ) ∈ GpF (p) = F (p). Hence by
Lemma 2.4 again, P ≤ ZF(G).
Now assume that Ω(C) ≤ ZF(G). Then by Lemma 2.4, G/CG(Ω(C)) ∈ F (p). Since
CG(Ω(C))/CG(C) is a p-group by Lemmas 2.5 and 2.6, we have that G/CG(C) ∈ GpF (p) =
F (p). It follows from Lemma 2.7(4) that CG(C)/CG(P ) is a p-group, and so G/CG(P ) ∈
GpF (p) = F (p). Thus by Lemma 2.4 again, P ≤ ZF(G).
Lemma 2.9. [28, Lemma 3.1] Let G be a non-abelian quaternion-free 2-group. Then G has a
characteristic subgroup of index 2.
Lemma 2.10. Let C be a Thompson critical subgroup of a nontrivial p-group P .
(1) If p is odd, then the exponent of Ω1(C) is p.
(2) If P is an abelian 2-group, then the exponent of Ω1(C) is 2.
(3) If p = 2, then the exponent of Ω2(C) is at most 4.
Proof. (1) Since the nilpotent class of C is at most 2 by Lemma 2.7(1), the statement (1)
directly follows from [13, Chapter 5, Lemma 3.9(i)].
Statement (2) is clear.
(3) Let x and y be elements of C of order 4. Then by Lemma 2.7(1) and [13, Chapter 2,
Lemma 2.2], we have that [x, y]2 = [x2, y] = 1, and so (yx)4 = [x, y]6y4x4 = 1. This shows
that the order of yx is at most 4, and thus the exponent of Ω2(C) is at most 4.
Recall that G is said to be pi-closed if G has a normal Hall pi-subgroup. Also, G is said to
be a Cpi-group if G has a Hall pi-subgroup and any two Hall pi-subgroups of G are conjugate
in G.
Lemma 2.11. Let p be a prime divisor of |G| with (|G|, p − 1) = 1. Suppose that G has a
Hall p′-subgroup. Then G is a Cp′-group.
Proof. If p > 2, then 2 ∤ |G|. By Feit-Thompson Theorem, G is soluble, and so G is a
Cp′-group. If p = 2, then by [8, Theorem A], G is also a Cp′-group.
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Lemma 2.12. [18, Corollary 3.7] Let P be a p-subgroup of G. Suppose that G is a Cpi-group
for some set of primes pi with p /∈ pi. If every maximal subgroup of P has a pi-closed supplement
in G, then G is pi-closed.
The next lemma is well-known.
Lemma 2.13. Let p be a prime divisor of |G| with (|G|, p− 1) = 1.
(1) If G has cyclic Sylow p-subgroups, then G is p-nilpotent.
(2) If E is a normal subgroup of G such that |E|p ≤ p and G/E is p-nilpotent, then G is
p-nilpotent.
(3) If H is a subgroup of G such that |G : H| = p, then H EG.
Lemma 2.14. [1, Lemma 2.6] If G possesses two subgroups K and T such that |G : K| = 2r
and |G : T | = 2r+1 (r ≥ 3) and T is not a 2′-Hall subgroup of G, then G is not a non-abelian
simple group.
Recall that a subgroup H of G is said to be complemented in G if there exists a subgroup
T of G such that G = HT and H ∩ T = 1. In this case, T is called a complement of H in G.
Lemma 2.15. Let P be a Sylow p-subgroup of G with (|G|, p− 1) = 1. If every subgroup of
P of order p is complemented in G, then G is p-nilpotent.
Proof. Let H be a subgroup of P of order p and T a complement of H in G. Then by Lemma
2.13(3), T E G. If p ∤ |T |, then G is p-nilpotent. Thus p | |T |. Clearly, P ∩ T is a Sylow
p-subgroup of T and every subgroup of P ∩ T of order p is complemented in T . Then by
induction, T is p-nilpotent. Since the normal p-complement of T is the normal p-complement
of G, G is also p-nilpotent.
Lemma 2.16. [4, Lemma 3.1] Let F be a saturated formation of characteristic pi and H a
subnormal subgroup of G containing Opi(Φ(G)) such that H/Opi(Φ(G)) ∈ F. Then H ∈ F.
Lemma 2.17. [26, Theorem B] Let F be any formation. If EEG and F ∗(E) ≤ ZF(G), then
E ≤ ZF(G).
Lemma 2.18. [18, Lemma 2.13] Let F = CF (F ) be a solubly saturated formation, where F
is the canonical composition satellite of F . Let H/K be a chief factor of G. Then H/K is
F-central in G if and only if G/CG(H/K) ∈ F (p) in the case where H/K is a p-group, and
G/CG(H/K) ∈ F (0) = F in the case where H/K is non-abelian.
3 Proofs of Theorems
Proof of Theorem B. Suppose that the result is false and let (G,P ) be a counterexample
for which |G|+ |P | is minimal. We proceed via the following steps.
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(1) |D| ≥ p2.
If |D| ≤ p, we may assume that |D| = 1 (in the conditions of the theorem, the case |D| = p
can be viewed as a special case of |D| = 1). Then:
(i) G has a unique normal subgroup N such that P/N is a chief factor of G, N ≤ ZU(G)
and |P/N | > p.
Let P/N be a chief factor of G. Then (G,N) satisfies the hypothesis of this theorem. By
the choice of (G,P ), we have that N ≤ ZU(G). If P/N ≤ ZU(G/N), then P ≤ ZU(G), which
is impossible. Hence P/N  ZU(G/N), and so |P/N | > p. Now let P/R be a chief factor of
G, which is different from P/N . Then we can obtain that R ≤ ZU(G) similarly as above. This
implies that P/N ≤ ZU(G/N) by G-isomorphism P/N = NR/N ∼= R/N ∩R, a contradiction.
(ii) Let C be a Thompson critical subgroup of P . Then P = Ω(C).
If not, then Ω(C) ≤ N ≤ ZU(G) by (i). Thus by Lemma 2.8, P ≤ ZU(G), which is absurd.
(iii) The exponent of P is p or 4 (when P is not quaternion-free).
If P is a non-abelian quaternion-free 2-group, then P has a characteristic subgroup T of
index 2 by Lemma 2.9. It follows from (i) that T ≤ N , and so |P/N | = 2, which is impossible.
Hence by (ii) and Lemma 2.10, the exponent of P is p or 4 (when P is not quaternion-free).
(iv) Final contradiction of (1).
Let Gp be a Sylow p-subgroup of G. Since P/N ∩ Z(Gp/N) > 1, we may take a subgroup
V/N of P/N ∩ Z(Gp/N) of order p. Let l ∈ V \N and H = 〈l〉. Then V = HN and H is
a group of order p or 4 (when P is not quaternion-free) by (iii). By hypothesis, H either is
Π-supplemented in G or has a p-supersoluble supplement in G. Let X be any supplement
of H in G. If P  X , then P ∩ X < P . Since (P ∩ X)G = (P ∩ X)P < P , we have that
P ∩ X ≤ N by (i). This implies that P/N is cyclic for P/P ∩ X ∼= H/H ∩ X is cyclic, and
so |P/N | = p, which contradicts (i). Therefore, P ≤ X , and thereby X = G. Consequently,
G is the unique supplement of H in G. If H has a p-supersoluble supplement in G, then G is
p-supersoluble. It follows that P ≤ ZU(G), which is impossible. Hence H is Π-supplemented
in G, and so H satisfies Π-property in G. Then |G : NG(V )| = |G : NG(HN)| is a p-number.
This induces that V E G. Then by (i), P = V , and so |P/N | = p, a contradiction. This
completes the proof of (1).
(2) Φ(P ) = 1, and so P is an elementary abelian p-group.
Suppose that Φ(P ) > 1. If |Φ(P )| > |D|, then (G,Φ(P )) satisfies the hypothesis of
this theorem. By the choice of (G,P ), we have that Φ(P ) ≤ ZU(G). Let L be a minimal
normal subgroup of G contained in Φ(P ). Then |L| = p. Since |D| > |L| = p by (1),
(G/L, P/L) satisfies the hypothesis of this theorem by Lemma 2.1(2). By the choice of (G,P ),
P/L ≤ ZU(G/L). It follows that P ≤ ZU(G), which is absurd.
Hence |Φ(P )| ≤ |D|. Now we shall show that P/Φ(P ) ≤ ZU(G/Φ(P )). If |Φ(P )| < |D|,
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then by Lemma 2.1(2), (G/Φ(P ), P/Φ(P )) satisfies the hypothesis of this theorem. The choice
of (G,P ) implies that P/Φ(P ) ≤ ZU(G/Φ(P )). Hence we may consider that |Φ(P )| = |D|. If
p|D| = |P |, then clearly, P/Φ(P ) ≤ ZU(G/Φ(P )). If p|D| < |P |, then by Lemma 2.1(2), every
subgroup of P/Φ(P ) of order p either is Π-supplemented in G/Φ(P ) or has a p-supersoluble
supplement in G/Φ(P ). This shows that (G/Φ(P ), P/Φ(P )) satisfies the hypothesis of this
theorem, and so P/Φ(P ) ≤ ZU(G/Φ(P )) by the choice of (G,P ). Then by Lemma 2.8,
P ≤ ZU(G), which is impossible. Therefore, Φ(P ) = 1.
(3) G has a unique minimal normal subgroup N contained in P , P/N ≤ ZU(G/N) and
p < |N | ≤ |D|.
Let Gp be a Sylow p-subgroup of G and N a minimal normal subgroup of G contained in
P . If N = P , then P is a minimal normal subgroup of G. Let H be a subgroup of P of order
|D| such that HEGp. By hypothesis, H either is Π-supplemented in G or has a p-supersoluble
supplement in G. For any supplement X of H in G, we have that P ∩X EG. If P ∩X = 1,
then H = P , which is impossible. This induces that P ∩X = P , and so X = G. Therefore, G
is the unique supplement of H in G. Since G is not p-supersoluble, H satisfies Π-property in
G. It follows that |G : NG(H)| is a p-number. Hence H EG, a contradiction. Consequently,
N < P . If |N | > |D|, then (G,N) satisfies the hypothesis of this theorem. By the choice
of (G,P ), we have that N ≤ ZU(G). This shows that |N | = p > |D|, which contradicts (1).
Therefore, |N | ≤ |D|.
Now we claim that P/N ≤ ZU(G/N). If |N | < |D|, then by Lemma 2.1(2), (G/N, P/N)
satisfies the hypothesis of this theorem. By the choice of (G,P ), P/N ≤ ZU(G/N). Hence we
may assume that |N | = |D|. If p|D| = |P |, then clearly, P/N ≤ ZU(G/N). If p|D| < |P |, then
by Lemma 2.1(2), every subgroup of P/N of order p either is Π-supplemented in G/N or has a
p-supersoluble supplement in G/N . Since P is abelian, (G/N, P/N) satisfies the hypothesis of
this theorem. Then by the choice of (G,P ), we also have that P/N ≤ ZU(G/N). Consequently,
our claim holds. If |N | = p, then N ≤ ZU(G), and so P ≤ ZU(G), which is absurd. Thus
|N | > p. If G has a minimal normal subgroup R contained in P , which is different from N ,
then we get that G/R ≤ ZU(G/R) similarly as above. It follows that NR/R ≤ ZU(G/R), and
so N ≤ ZU(G) for G-isomorphism N ∼= NR/R. This implies that P ≤ ZU(G), a contradiction.
Hence (3) holds.
(4) p|D| = |P |.
If p|D| < |P |, then since P/N ≤ ZU(G/N), G has a normal subgroup K properly contained
in P such that N ≤ K and |K| = p|D|. Then (G,K) satisfies the hypothesis of this theorem.
By the choice of (G,P ), we have that K ≤ ZU(G), and thus |N | = p, which contradicts (3).
This shows that (4) holds.
(5) Final contradiction.
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Since Φ(P ) = 1, N has a complement S in P . Let L be a maximal subgroup of N such
that L E Gp. Then L 6= 1 and H = LS is a maximal subgroup of P . By hypothesis and
(4), H either is Π-supplemented in G or has a p-supersoluble supplement in G. For any
supplement X of H in G, since P is abelian, we have that P ∩ X E G. If P ∩ X = 1, then
H = P , which is impossible. Hence P ∩ X > 1, and so N ≤ X by (3). Suppose that H is
Π-supplemented in G. Then H has a supplement T in G such that H ∩ T ≤ I ≤ H , where
I satisfies Π-property in G. Since H ∩ T = I ∩ T and N ≤ T , L = H ∩ N = I ∩ N . It
follows that |G : NG(L)| = |G : NG(I ∩ N)| is a p-number. As L E Gp, we have that L E G.
Then by (3), L = 1, and so |N | = p, a contradiction. We may therefore, assume that H has
a p-supersoluble supplement T in G. Let F be the canonical local satellite of Up such that
F (p) = GpF (p) = Up ∩ GpA(p− 1), where A(p− 1) denotes the class of finite abelian groups
of exponent p − 1 and F (q) = Up for all primes q 6= p. By Lemma 2.4, T/CT (N) ∈ F (p).
Since P ≤ CG(N), we have that G/CG(N) ∼= T/CT (N) ∈ F (p). Then by Lemma 2.4 again,
N ≤ ZUp(G), and so |N | = p. The final contradiction ends the proof.
Proof of Theorem C. Suppose that the result is false and let (G,E) be a counterexample
for which |G|+ |E| is minimal. We proceed via the following steps.
(1) Op′(G) = 1.
If not, by Lemma 2.1(2), (G/Op′(G), EOp′(G)/Op′(G)) satisfies the hypothesis of this the-
orem. By the choice of (G,E), we have that EOp′(G)/Op′(G) is p-nilpotent, and so E is
p-nilpotent, a contradiction.
(2) Op(E) > 1.
Suppose that Op(E) = 1 and let N be a minimal normal subgroup of G contained in E.
Since Op′(G) = 1, p | |N |. Then we discuss three possible cases below:
(i) Case 1 : |N |p < |D|.
In this case, by Lemma 2.2, (G/N,E/N) satisfies the hypothesis of this theorem. By the
choice of (G,E), E/N is p-nilpotent. Let A/N be the normal p-complement of E/N . Then
obviously, AEG and |A|p = |N |p < |D|. By Lemma 2.2, (G/A,E/A) satisfies the hypothesis of
Theorem B. Therefore, E/A ≤ ZU(G/A). If p|D| < |P |, then we may take a normal subgroup
L of G such that A ≤ L < E and |L|p = p|D|. Clearly, (G,L) satisfies the hypothesis of
this theorem. Then by the choice of (G,E), L is p-nilpotent, and so N is p-nilpotent. Since
Op′(G) = 1, N is a p-group. Hence N ≤ Op(E), which is absurd.
Thus we have that p|D| = |P |. Then by hypothesis, every maximal subgroup of P either is
Π-supplemented in G or has a p-supersoluble supplement in G. If every maximal subgroup of
P has a p-supersoluble supplement in E, then since (|E|, p− 1) = 1, every maximal subgroup
of P has a p-nilpotent supplement in E. By Lemmas 2.11 and 2.12, E is p-nilpotent, a
contradiction. Hence P has a maximal subgroup P1 such that P1 is Π-supplemented in G
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and P1 does not have a p-supersoluble supplement in E. Then P1 has a supplement T in G
such that T ∩ E is not p-supersoluble and P1 ∩ T ≤ I ≤ P1, where I satisfies Π-property
in G. This implies that |G : NG(I ∩ N)| is a p-number, and so I ∩ N ≤ Op(E) = 1. It
follows that P1 ∩ T ∩ N = I ∩ N = 1. As |T ∩ E : P ∩ T | = |E : P |, P ∩ T is a Sylow
p-subgroup of T ∩E. This induces that P ∩T ∩N is a Sylow p-subgroup of T ∩N . Note that
|P ∩T ∩N | = |P ∩T ∩N : P1∩T ∩N | = |P1(P ∩T ∩N) : P1| ≤ p. Hence |T ∩N |p ≤ p. Since
T ∩E/T ∩N ∼= (TN ∩E)/N ≤ E/N is p-nilpotent, by Lemma 2.13(2), T ∩E is p-nilpotent,
a contradiction.
(ii) Case 2 : |N |p > |D|.
In this case, if N < E, then (G,N) satisfies the hypothesis of this theorem. By the
choice of (G,E), N is p-nilpotent. Since Op′(G) = 1, N is a p-group, which is absurd. Hence
N = E. By hypothesis, for every proper subgroup H of P with |H| = pn|D| (n = 0, 1) or
4 (when |D| = 1 and P is not quaternion-free), H either is Π-supplemented in G or has a
p-supersoluble supplement in G. If H is Π-supplemented in G, then H has a supplement T
in G such that H ∩ T ≤ I ≤ H , where I satisfies Π-property in G. It follows that |G : NG(I)|
is a p-number, and so I ≤ Op(E) = 1. Hence H either is complemented in G or has a
p-supersoluble supplement in G. If E < G, then clearly, H either is complemented in E
or has a p-supersoluble supplement in E. This shows that (E,E) satisfies the hypothesis of
this theorem. By the choice of (G,E), E is p-nilpotent, a contradiction. Thus G = E is a
non-abelian simple group. By Feit-Thompson Theorem, p = 2.
If every maximal subgroup of P has a 2-supersoluble supplement in G, then by Lemmas
2.11 and 2.12, G is 2-nilpotent, which is impossible. This shows that P has a maximal
subgroup which does not have a 2-supersoluble supplement in G. Suppose that 2|D| < |P |.
Then P has subgroups H1 and H2 with |H1| = |D| and |H2| = 2|D| such that H1 and H2 are
complemented in G. Let T1 and T2 be complements of H1 and H2 in G, respectively. Then
|G : T1| = 2
r and |G : T2| = 2
r+1 such that T2 is not a 2
′-Hall subgroup of G. If T1 = G, then
|G : T2| = 2, and so T2 EG, which is absurd. Hence r ≥ 1. If r ≤ 2, then G ∼= G/(T1)G > S4,
where S4 denotes the symmetric group of degree 4, and so G is soluble, a contradiction. Thus
r ≥ 3. By Lemma 2.14, G is not a non-abelian simple group, which is impossible. Now
assume that 2|D| = |P |. Then P has a maximal subgroup H such that H is complemented
in G such that every complement T of H in G is not 2-supersoluble. However, since |T |2 = 2,
T is 2-supersoluble, which contradicts our assumption.
(iii) Case 3 : |N |p = |D|.
In this case, if p|D| = |P |, then |E/N |p = p. Hence by Lemma 2.13(2), E/N is p-nilpotent.
With a similar argument as in the proof of Case 1 of (2), we can get a contradiction. Now
assume that p|D| < |P |. Let E/A be a chief factor of G such thatN ≤ A. If |A|p > |N |p = |D|,
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then (G,A) satisfies the hypothesis of this theorem. By the choice of (G,E), A is p-nilpotent.
Since Op′(G) = 1, A is a p-group, a contradiction. Hence |A|p = |N |p = |D|. By hypothesis,
every subgroup of P of order |H| = p|D| either is Π-supplemented in G or has a p-supersoluble
supplement in G. Then by Lemma 2.2, every subgroup of PA/A of order p either is Π-
supplemented in G/A or has a p-supersoluble supplement in G/A.
Suppose that there exists a subgroup H/A of PA/A of order p such that H/A is Π-
supplemented, but not complemented in G/A. Then clearly, H/A satisfies Π-property in
G/A. This implies that |G/A : NG/A(H/A)| is a p-number, and so H/A ≤ Op(E/A). Hence
E/A = Op(E/A) for E/A is a chief factor of G. Consequently, E/A is an elementary abelian
p-group. Then (G/A,E/A) satisfies the hypothesis of Theorem B. Thus E/A ≤ ZU(G/A).
This induces that |E/A| = p, and so p|D| = p|A|p = |P |, which is contrary to our assumption.
Therefore, every subgroup of PA/A of order p either is complemented in G/A or has a p-
supersoluble supplement in G/A. Now we will show that E/A is p-nilpotent. If PA/A has a
subgroup of order p which has a p-supersoluble supplement in G/A, but is not complemented
in G/A, then clearly, G/A is p-supersoluble, and so is E/A. Since (|E/A|, p− 1) = 1, E/A is
p-nilpotent. Now consider that every subgroup of PA/A of order p is complemented in G/A.
Then by Lemma 2.15, E/A is also p-nilpotent. Since p | |E/A|, E/A is an elementary abelian
p-group. As discussed above, we can obtain that |E/A| = p, and thus p|D| = p|A|p = |P |.
The final contradiction shows that (2) holds.
(3) Final contradiction.
Since Op(E) > 1, let N be a minimal normal subgroup of G contained in Op(E). Then we
discuss three possible cases as follows:
(i) Case 1 : |N | < |D|.
In this case, by Lemma 2.1(2), (G/N,E/N) satisfies the hypothesis of this theorem. By
the choice of (G,E), E/N is p-nilpotent. Let A/N be the normal p-complement of E/N .
Since |A|p = |N | < |D|, by Lemma 2.2, (G/A,E/A) satisfies the hypothesis of Theorem B,
and so E/A ≤ ZU(G/A). If p|D| < |P |, then we may take a normal subgroup L of G such
that A ≤ L < E and |L|p = p|D|. It is easy to see that (G,L) satisfies the hypothesis of this
theorem. Then by the choice of (G,E), L is p-nilpotent. Since Op′(G) = 1, L is a p-group. It
follows that E is a p-group, a contradiction.
We may, therefore, assume that p|D| = |P |. By hypothesis, every maximal subgroup of
P either is Π-supplemented in G or has a p-supersoluble supplement in G. Since E/N is p-
nilpotent, by Lemma 2.16, N  Φ(G). Thus G has a maximal subgroupM such that N M .
Obviously, M ∩ N = 1. As E/N is p-nilpotent, M ∩ E is p-nilpotent. Let Gp be a Sylow
p-subgroup of G and Gp1 a maximal subgroup of Gp containing Gp ∩M . Then Gp = Gp1N .
Let P1 = Gp1 ∩ P . Since |P : P1| = |Gp : Gp1| = p, P1 is a maximal subgroup of P such
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that P = P1N . If P1 is Π-supplemented in G, then P1 has a supplement T in G such that
P1 ∩ T ≤ I ≤ P1, where I satisfies Π-property in G. It follows that |G : NG(I ∩ N)| is a
p-number. If I ∩ N > 1, then N = (I ∩ N)G = (I ∩ N)Gp ≤ Gp1, a contradiction. Hence
I ∩N = 1, and thus P1 ∩ T ∩ N = 1. Since T ∩ E/T ∩N ∼= (TN ∩ E)/N is p-nilpotent and
|T ∩N | = |T ∩N : P1∩T ∩N | = |P1(T ∩N) : P1| ≤ p, T ∩E is p-nilpotent by Lemma 2.13(2).
Consequently, no matter P1 is Π-supplemented in G or has a p-supersoluble supplement in
G, P1 has a p-nilpotent supplement T1 in E for (|E|, p − 1) = 1. Let (M ∩ E)p′ and (T1)p′
be the normal p-complements of M ∩ E and T1, respectively. Then (M ∩ E)p′ and (T1)p′
are p′-Hall subgroups of E. By Lemma 2.11, E is a Cp′-group. This implies that E has an
element g such that (T1)
g
p′ = (M ∩ E)p′. Considering the fact that T1 ≤ NE((T1)p′), we may
let g ∈ P1. It follows that E = P1NE((T1)p′)
g = P1NE((M ∩ E)p′). Since Op′(G) = 1 and
M ≤ NG((M ∩ E)p′), we have that NG((M ∩ E)p′) =M . This implies that E = P1(M ∩ E).
As P ∩M ≤ Gp1 ∩ P = P1, P = P1(P ∩M) = P1, which is impossible.
(ii) Case 2 : |N | > |D|.
In this case, (G,N) satisfies the hypothesis of Theorem B. Hence N ≤ ZU(G), and so
|N | = p. It follows that |D| = 1. As (G,Op(E)) satisfies the hypothesis of Theorem B,
Op(E) ≤ ZU(G) ≤ ZU(E). Since (|E|, p − 1) = 1, it is easy to see that Op(E) ≤ Z∞(E).
Let A/Op(E) be a chief factor of G below E. If A < E, then (G,A) satisfies the hypothesis
of this theorem. By the choice of (G,E), A is p-nilpotent. Then since Op′(G) = 1, A is a
p-group. This shows that A ≤ Op(E), which is absurd. Hence E/Op(E) is a chief factor
of G. If p ∤ |E/Op(E)|, then E is p-nilpotent for Op(E) ≤ Z∞(E), a contradiction. Thus
p | |E/Op(E)|. Obviously, E is not soluble. Thus by Feit-Thompson Theorem, p = 2.
Now let V be a minimal non-2-nilpotent group contained in E. By [20, Chapter IV, Satz
5.4], V is a minimal non-nilpotent group such that V = V2 ⋊ Vq, where V2 is the Sylow 2-
subgroup of V and Vq is a Sylow q-subgroup of V with q > 2. Without loss of generality,
we may let V2 ≤ P . Then by [9, Chapter VII, Theorem 6.18], V2/Φ(V2) is a V -chief factor;
Φ(V ) = Z∞(V ); Φ(V2) = V2 ∩ Φ(V ); and V2 has exponent 2 or 4 (when V2 is non-abelian). It
follows that O2(E)∩V2 ≤ Z∞(E)∩V2 ≤ Z∞(V )∩V2 = Φ(V )∩V2 = Φ(V2). Therefore, V2 has
an element x which is not contained in O2(E). Let H = 〈x〉. Then |H| = 2 or 4 (when V2 is
non-abelian). If V2 is non-abelian and quaternion-free, then V2 has a characteristic subgroup of
index 2 by Lemma 2.9. This implies that |V2/Φ(V2)| = 2, and so V2 is cyclic, which contradicts
our assumption. Therefore, |H| = 2 or 4 (when V2 is not quaternion-free). By hypothesis,
H either is Π-supplemented in G or has a p-supersoluble supplement in G. Let X be any
supplement of H in G. Suppose that X < G. Then G/XG > S4 for |G : X| ≤ 4, where S4
denotes the symmetric group of degree 4. Thus E/XG ∩ E is soluble. Since XG ∩ E < E
and (G,XG ∩E) satisfies the hypothesis of this theorem, XG ∩E is 2-nilpotent by the choice
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of (G,E). This induces that E is soluble, which is impossible. Therefore, G is the unique
supplement of H in G. Since G is not 2-supersoluble, H is Π-supplemented in G, and so
H satisfies Π-property in G. Then |G : NG(HO2(E))| is a 2-number. This implies that
H ≤ O2(E), a final contradiction of (ii).
(iii) Case 3 : |N | = |D|.
In this case, if p|D| = |P |, then |E/N |p = p, and thus E/N is p-nilpotent by Lemma
2.13(2). With a similar discussion as in the proof of Case 1 of (3), we can get a contradiction.
Hence p|D| < |P |. Let E/A be a chief factor of G such that N ≤ A. If |A|p = |N | = |D|,
then a contradiction can be derived in a similar way as in Case 3 of (2). Now we may assume
that |A|p > |N | = |D|. Then (G,A) satisfies the hypothesis of this theorem. By the choice of
(G,E), A is p-nilpotent. Since Op′(G) = 1, A is a p-group. It follows that (G,A) satisfies the
hypothesis of Theorem B. Hence A ≤ ZU(G), and so |N | = |D| = p. This case can be viewed
as a special case of Case 2 of (3) (we may take |N | = p and |D| = 1), and this fact yields a
contradiction. The theorem is thus proved.
Proof of Theorem A. Let p be the smallest prime divisor of |X| and P a Sylow p-subgroup
of X . If P is cyclic, then by Lemma 2.13(1), X is p-nilpotent. Now assume that P is not
cyclic. Then by Theorem C, X is also p-nilpotent. Let Xp′ be the normal p-complement of X .
Then Xp′ E G. If P is cyclic, then X/Xp′ ≤ ZU(G/Xp′). Now consider that P is not cyclic.
Then by Lemma 2.1(2), (G/Xp′, X/Xp′) satisfies the hypothesis of Theorem B. Hence we also
have that X/Xp′ ≤ ZU(G/Xp′).
Let q be the second smallest prime divisor of |X| and Q a Sylow q-subgroup of X . With a
similar argument as above, we can get that Xp′ is q-nilpotent and Xp′/X{p,q}′ ≤ ZU(G/X{p,q}′),
where X{p,q}′ is the normal q-complement of Xp′. The rest may be deduced by analogy.
Therefore, we obtain thatX ≤ ZU(G) ≤ ZF(G). It follows from Lemma 2.17 that E ≤ ZF(G).
Then by Lemma 2.18, G ∈ F as desired.
4 Further Applications
In this section, we will show that the subgroups of G which satisfy a certain known em-
bedding property mentioned below are all Π-supplemented in G. For the sake of simplicity,
we only focus on most recent embedding properties.
Recall that a subgroup H of G is called to be a CAP-subgroup if H either covers or avoids
every chief factor of G. Let F be a saturated formation. A subgroup H of G is said to be
F-hypercentrally embedded [11] in G if HG/HG ≤ ZF(G/HG). A subgroup H of G is called
to be S-quasinormal (or S-permutable) in G if H permutes with every Sylow subgroup of G.
A subgroup H of G is said to be S-semipermutable [7] in G if H permutes with every Sylow
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p-subgroup of G such that (p, |H|) = 1. A subgroup H of G is called to be S-quasinormally
embedded [3] in G if every Sylow subgroup of H is a Sylow subgroup of some S-quasinormal
subgroup of G. A subgroup H of G is said to be S-conditionally permutable [19] in G if H
permutes with at least one Sylow p-subgroup of G for every p ∈ pi(G).
Proposition 4.1. Let H be a subgroup of G. Then H satisfies Π-property in G if one of the
following holds:
(1) H is a CAP-subgroup of G.
(2) H is U-hypercentrally embedded in G.
(3) H is S-quasinormal in G.
(4) H is a p-group and H is S-semipermutable in G.
(5) HG is soluble and H is S-quasinormally embedded in G.
(6) HG is soluble and H is S-conditionally permutable in G.
Proof. Statements (1)-(3) and (5)-(6) were proved in [23], and the proof of [23, Proposition
2.4] still works for statement (4).
Recall that a subgroup H of G is called to be a CAS-subgroup [29] if there exists a subgroup
T of G such that G = HT andH∩T is a CAP-subgroup of G. Let F be a saturated formation.
A subgroup H of G is said to be F-supplemented [15] in G if there exists a subgroup T of
G such that G = HT and (H ∩ T )HG/HG ≤ ZF(G/HG). A subgroup H of G is called to
be weakly s-supplemented [25] in G if there exists a subgroup T of G such that G = HT and
H ∩ T ≤ HsG, where HsG denotes the subgroup generated by all those subgroups of H which
are S-quasinormal in G. A subgroup H of G is said to be weakly s¯-supplemented [30] in G
if there exists a subgroup T of G such that G = HT and H ∩ T ≤ Hs¯G, where Hs¯G denotes
the subgroup generated by all those subgroups of H which are S-semipermutable in G. A
subgroup H of G is called to be weakly s-supplementally embedded [31] in G if there exists a
subgroup T of G such that G = HT and H ∩T ≤ Hse, where Hse denotes an S-quasinormally
embedded subgroup of G contained in H . A subgroup H of G is said to be completely c-
permutable [17] in G if for every subgroup T of G, there exists some x ∈ 〈H, T 〉 such that
HT x = T xH . A subgroup H of G is called to be weakly c-permutable [16] in G if there exists
a subgroup T of G such that G = HT and H ∩ T is completely c-permutable in G.
Proposition 4.2. Let H be a subgroup of G. Then H is Π-supplemented in G if one of the
following holds:
(1) H is a CAS-subgroup of G.
(2) H is U-supplemented in G.
(3) H is weakly s-supplemented in G.
(4) H is a p-group and H is weakly s¯-supplemented in G.
(5) HG is soluble and H is weakly s-supplementally embedded in G.
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(6) HG is soluble and H is weakly c-permutable in G.
Proof. Note that by [22, Satz 2], HsG is S-quasinormal in G, and if H is a p-group, then
by definition, Hs¯G is S-semipermutable in G. Also, every completely c-permutable subgroup
of G is clearly S-conditionally permutable in G. Then Proposition 4.2 directly follows from
Proposition 4.1.
By the above proposition, a large number of previous results are immediate consequences
of our theorems. We omit further details, and readers may refer to the relevant literature for
more information.
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